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Turbulence Anisotropy and Near-Wall Modeling in Predicting
Three-Dimensional Shear-Flows

F. Sotiropoulos*and V. C. Patel’
University of lowa, Iowa City, Iowa 52242-1585

Three-dimensional turbulent flow in a circular-to-rectangular transition duct is studied to assess the role of
near-wall modeling and turbulence anisotropy in predicting the origin and growth of longitudinal vorticity and the
secondary motion with which it is associated. Calculations are carried out using the standard k- model and the
Reynolds stress transport closure of Gibson and Launder (GL), both of which use wall functions. The computed
solutions are compared with experimental data and with calculations previously reported by the authors which
employed the near-wall version of the GL model proposed by Launder and Shima (LSH). These comparisons lead
to the conclusion that accurate description of most three-dimensional turbulent flows, regardless of their origin,
would require turbulence models that 1) resolve the near-wall flow and 2) account for anisotropy of the Reynolds
stresses. Further evidence to support the latter conclusion is provided by employing the LSH solution to evaluate
the various terms in the mean longitudinal-vorticity equation. It is shown that, vortex stretching, vortex skewing,
and generation and destruction of vorticity by Reynolds stresses are all dominant in one region or another.

Introduction

HREE-DIMENSIONAL flows, whether laminar or turbulent,

are most often described in terms of primary and secondary ve-
locities, the term primary referring to velocity along the predominant
flow (streamwise) direction and secondary to velocity components
in planes normal to the primary direction. With few exceptions (mas-
sively separated flows, for example), the so-defined secondary ve-
locity components are typically an order of magnitude smaller than
the primary velocity. In a recent review of turbulent secondary flows,
Bradshaw! succinctly summarized the various mechanisms that are
involved in the generation of secondary motion but suggested that
the review was “as much a list of inadequacies as achievements.”
This assessment of the state of the art was prompted, no doubt, by
the apparent lack of progress in methods for the prediction of such
flows.

Secondary motion, by definition, implies the existence of stream-
wise, or longitudinal, vorticity. The physical mechanisms associated
with the origin, growth, and decay of secondary motion, therefore,
can be understood by considering the transport equation for longi-
tudinal vorticity, which in Cartesian coordinates reads
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where x is aligned with the streamwise direction, the mean-vorticity
components in the (x, y, z) directions are (2, 2y, 2;), the mean-
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velocity components are (U, V, W), the corresponding turbulent
fluctuating velocities are (u, v, w), v is kinematic viscosity, and
overbars denote time averages. The group of terms A; represents
convection of streamwise vorticity by the mean flow. A, represents
the stretching of longitudinal vorticity in the streamwise direction
and responds to the streamwise acceleration or deceleration of the
flow. A represents the production of streamwise vorticity by lat-
eral skewing (rotation) of the vorticity vector and is responsible
for producing what Prandtl termed “secondary motion of the first
kind.” Secondary flows in which Aj; is significant are character-
ized by transverse pressure gradients and, therefore, they are also
referred to as pressure-driven secondary motions. All of the given
mechanisms are, of course, active even in inviscid, nonturbulent
flows. The group of terms Ay, containing the Reynolds stresses, is
the distinguishing feature of turbulent ﬂow;/amd represents the pro-
duction (positive or negative) or diffusion of longitudinal vorticity.
Prandtl referred to flows in which this mechanism is dominant as
“secondary motion of the second kind.” They are also referred to
as stress-driven secondary motions. The last set of terms As repre-
sents diffusion by viscous action. In turbulent flow, it is generally
assumed that this term is small in comparison with A, everywhere
except in the sublayer next to a solid surface.

In the modeling of three-dimensional turbulent flows there are
at least two critical issues that require careful consideration: 1) the
level of turbulence closure necessary for successful predictions and
2) the treatment of the near-wall layers. The selection of an ap-
propriate turbulence closure depends on the relative importance of
the various mechanisms that contribute to the development and de-
cay of longitudinal vorticity in the flow under consideration. When
modeling, for instance, flows through straight noncircular ducts—
where Reynolds-stress anisotropy drives the secondary motion—if
is generally accepted that the minimum level of turbulence closure
should be one that is capable of reproducing the anisotropy of the
normal stresses and distributions of the shear stresses.” For flows
with strong induced pressure gradients, on the other hand, such as
flows in curved ducts, pipes, transition ducts, etc., the secondary mo-
tion originates via the lateral skewing mechanism (pressure-driver
secondary motion). Consequently, it is frequently argued that stan-
dard isotropic models should be sufficient for resolving such flows
One may speculate, however, that the Reynolds stress field associ-
ated with a strong pressure-driven secondary motion may become
significant enough to control the subsequent dynamics of the flow
and, in flows such as wakes of three-dimensional bodies, it may be
the only mechanism for the decay of longitudinal vorticity. Thus
it is important to understand the coupling between the two mech
anisms that control the secondary motion and the evolution anc
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decay of longitudinal vorticity before deciding on the level of turbu-
lence closure required for successful predictions of complex, three-
dimensional flows.

Insofar as the treatment of the near-wall flow is concerned, the
most popular approach is to utilize the so-called wall-functions,
that is, to employ the logarithmic velocity distribution and the
local-equilibrium assumptions associated with it to bridge the gap
between the fully turbulent region and the laminar sublayer. The va-
lidity of this approach, however, is at best questionable in complex,
three-dimensional flows since 1) it is based on assumptions which
have been validated only in simple two-dimensional boundary-layer
flows with small pressure gradients and 2) it avoids the resolution of
the all important wall region, where much of the secondary motion
originates. Nevertheless, this approach has been extensively used in
modeling complex flows, primarily because it is computationally ef-
ficient and expedient. The alternative to the wall-functions approach
is to employ turbulence closures that are valid all the way to wall. Al-
though several such closures have been proposed in the literature,>*
their use in complex flows has been rather limited, mainly due to
the substantial numerical difficulties associated with their imple-
mentation (requiring very fine computational meshes and involving
numerical stiffness of the resulting equations).

The objective of the present paper is to report a systematic study of
the role of near-wall modeling and turbulence anisotropy in the ori-
gin and growth of longitudinal vorticity in a three-dimensional flow.
The flow through the circular-to-rectangular (CR) transition duct of
Davis and Gessner,’ previously calculated by the authors® using the
near-wall Reynolds stress transport closure of Launder and Shima
(LSH),’ is revisited by carrying out calculations using the standard,
isotropic k-¢ model and the Reynolds stress transport closure of
Gibson and Launder (GL),® both with wall functions. The GL clo-
sure is selected from several available high Reynolds number second
moment closures because its low Reynolds number version, due to
Launder and Shima,” was very successful in predicting the flow
through the CR duct.® Thus, comparisons of the GL and LSH pre-
dictions enable assessment of the wall-functions approach in three-
dimensional flows. Comparisons of the k-¢ and GL predictions, on
the other hand, clarify the role of turbulence anisotropy. To eliminate
numerical uncertainties, all calculations are carried out on identi-
cal grids and using the same numerical method, which is also the
method employed by Sotiropoulos and Patel® with the LSH closure.
For the k-¢ model the two-point wall-function procedure of Patel
etal.” is adopted. For the GL closure, however, this procedure is gen-
eralized to a three-point wall-function approach. Such an approach
facilitates the calculation of all six Reynolds stresses at the node
adjacent to the wall from the algebraic version of the GL closure.

In what follows, we first review previous attempts to calculate
the fiow through the CR duct of Davis and Gessner.® This is fol-
lowed by brief descriptions of the two turbulence models, the three-
point wall-function procedure in generalized curvilinear coordinates
and the numerical method. Subsequently, extensive comparisons of
the computed solutions with experimental data and with the previ-
ous near-wall calculations of Sotiropoulos and Patelf are presented
and discussed. Finally, the calculations of Sotiropoulos and Patel®
are also employed to evaluate the various terms in the vorticity
transport equation (1) to further analyze the relative importance of
the Reynolds stresses in the origin and evolution of longitudinal
vorticity.

Previous Results for Flow in a Transition Duct

Davis and Gessner> reported very detailed turbulent flow mea-
surements (all three mean-velocity components and all six Reynolds
stresses) for a CR transition duct. The flow in the transition section
is affected by the change in the cross-sectional shape and the as-
sociated wall curvatures, both longitudinal and transverse, by the
initial diffusion and subsequent contraction due to change in area
and by the pressure gradients associated with these rapid changes.
The data of Davis and Gessner’ show that these factors together
induce a strong secondary motion which significantly distorts the
streamwise mean-velocity and Reynolds stress fields.

In a recent study, Sotiropoulos and Patel® employed the near-
wall, Reynolds stress transport closure of Launder and Shima’ to

calculate the flow through the CR duct. Their calculations were very
successful in reproducing most of the experimentally observed fea-
tures within the transition region; in particular, the origin and growth
of longitudinal vorticity and its interaction with the mean stream-
wise flow and Reynolds-stresses were resolved with remarkable
accuracy. Discrepancies in the agreement between experiment and
computations were observed, however, in the recovery region down-
stream of the end of the transition, where the computed Reynolds
stress field appeared to relax toward equilibrium at a much faster
than measured rate.

Calculations for the CR duct of Davis and Gessner® have been
also reported by Sotiropoulos and Patel!® using a two-layer k-&
model; by Demuren,!! who employed the standard k- model and
a full Reynolds-stress transport closure, both with wall functions;
and more recently by Lien and Leschziner,!? who employed several
low-Reynolds number k-¢ closures. The calculations by Sotiropou-
los and Patel as well as those by Demuren failed to correctly capture
the origin and growth of the secondary motion and, consequently,
its effect on the streamwise velocity field. This is not surprising in-
sofar as the two-layer k-¢ predictions!® are concerned because the
inadequacy of the two-layer approach for complex vortical flows
has already been established.!® What is remarkable, however, is
the very poor performance of the full Reynolds stress closure em-
ployed by Demuren,'! particularly since it yielded results almost
identical to those obtained by the standard k-¢ model. In fact, the
conclusions of Demuren’s study appear to suggest that the success-
ful predictions of Sotiropoulos and Patel® are exclusively due to the
proper resolution of the near-wall flow rather than due to the non-
isotropic closure they employed. Such a conclusion, however, can
not be fully supported by the existing evidence since Demuren’s
calculations were not grid independent. Lien and Leschziner'? at-
tempted to clarify that issue, by carrying out fine-grid calculations
using various low-Reynolds number k-¢ models and arrived at con-
clusions very similar to Demuren’s. More specifically, they argued
that Reynolds-stress anisotropy plays a very minor role in the ori-
gin and growth of longitudinal vorticity within the transition region
of the duct and, therefore, an isotropic model which properly re-
solves the near wall layers should suffice for successful predictions.
Their results, however, do not appear to support such a conclusion.
Although their calculations produced a clearly defined vortex pair
at the end of the transition region, the magnitude of the calculated
secondary flow vectors in the vicinity of the vortex core appears
to be up to 50% smaller than indicated by the data of Davis and
Gessner. Furthermore, at the end of the transition region and in the
vicinity of the vortex pair the streamwise velocity is overpredicted
by approximately 18% and there is a substantial underprediction (by
about 33%) of the peak value of the turbulence kinetic energy, both
of which are clear signs of poor resolution of the secondary motion.

The work reported here was undertaken to resolve the various
issues raised by these previous studies. More specifically, it is in-
tended to clarify the relative roles of near-wall modeling and stress
anisotropy on the prediction of the secondary motion.

Turbulence Models

As already indicated, two high-Reynolds number closures are
employed: 1) the standard k-¢ model and 2) the Reynolds stress
transport closure of Gibson and Launder.® The governing equa-
tions of both closures are formulated in generalized, nonorthogonal,
curvilinear coordinates. Because of space considerations and since
these equations have already been published elsewhere, the reader
is referred to Sotiropoulos and Patel®! for the complete form of
the curvilinear coordinate version of the k-& and Reynolds stress
transport equations, respectively. It is important to emphasize here,
however, that the constants in the k-¢ model assume their stan-
dard values: C, = 0.09, C,y = 1.44, C; = 1.92, ¢, = 1.0, and
o, = 1.3. Also, the GL closure employed here differs from the LSH
closure described in Sotiropoulos and Patel® in two respects. First,
the Cy, C;, CY, and C} coefficients that appear in the model for the
pressure-strain correlation are constant, rather than being functions
of the anisotropy tensor as in the LSH closure.” More specifically,
their values are those proposed by Gibson and Launder®: C; = 1.8,
C, = 0.6, CY = 0.5, and C} = 0.3. Second, the ¢ equation in
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the GL closure is the standard high-Reynolds number version also
employed in the k-& model.

In the k-£ model the Reynolds stresses that appear in the Reynolds
averaged Navier—Stokes equations are related to the mean flow via
an isotropic eddy viscosity. Obviously, this is not necessary when
the GL closure is employed since the solution yields the individual
stresses.

Numerical Method

The numerical method of Sotiropoulos and Patel5 %13 is used
in the present study. This method solves the Reynolds averaged
Navier—Stokes equations, in conjunction with either two-equation
or full Reynolds stress closures, in generalized curvilinear coordi-
nates. These equations are discretized on a nonstaggered (regular)
computational grid using: 1) second-order accurate central finite-
difference approximations for the divergence operator in the conti-
nuity equation and the pressure gradient and viscous terms in the
momentum equations and 2) second-order accurate upwind differ-
encing for the convective terms in the momentum equations. The
incompressibility constraint is enforced through a discrete pressure-
Poisson equation, designed to eliminate the problems associated
with the use of a nonstaggered computational grid. The discrete
momentum and turbulence closure equations are integrated in time
using the four-stage explicit Runge-Kutta scheme enhanced with
convergence-acceleration techniques such as local time stepping
and implicit residual smoothing. The pressure equation is solved
using the alternate direction implicit (ADI) method. More details
about the numerical methodology can be found in Sotiropoulos and
Patel.510:13

Test Case and Computational Details

A sketch of the CR transition duct along with the curvilinear
coordinate system and locations of the measurement sections are
shown in Fig. 1. The computational domain extends from sec-
tion 1 to section 6. The circular section at station 2 changes to
a super-elliptic section, with an aspect ratio of 3.0, at station 5
over a transition length of 1.5 inlet diameters. In this transition
region, the ratio of the local cross-sectional area to the inlet area
increases from unity at station 2 to a maximum of 1.15 near the
midpoint of transition before decreasing back to unity at station
5. At each streamwise location in the transition region, the cross-
sectional shape is defined by the equation of a super ellipse. Be-
tween stations 1 and 2, as well as between stations 5 and 6, there is
no change in the section shape and cross-sectional area. The details
of the geometric definition of the CR transition duct can be found in
Davis. "

Because of the symmetry of the duct and symmetric inlet-flow
conditions, only one quadrant of the duct is simulated. A grid topol-
ogy similar to that used by Sotiropoulos and Patel® is employed in
the present study. Grid sensitivity tests indicated that a mesh with
71 x 41 x 41 grid nodes in the axial, radial, and circumferential
directions, respectively, is sufficient to obtain grid-independent so-
lutions. As a result of the wall-function approach employed in the
present study the first coordinate surface just off the solid wall is
located, almost everywhere, at n* = 70, where n*t = u,n/v, n is
the normal distance from the wall and u, is the friction velocity,
with 10 points within 70 < nt < 120 (see subsequent section for

Station 5
55 1ation 4

‘&' Station 3
Station 2
Stetion 1

Fig. 1 Coordinates and locations of measurement stations for the CR
transition duct of Davis and Gessner.

details). All calculations are carried out at a Reynolds number, Re =
3.9 x 10, based on the bulk velocity and inlet diameter.

Boundary Conditions

Inlet conditions at section 1 are specified using the data of Davis
and Gessner,” who reported mean velocity measurements beyond
the edge of the sublayer and Reynolds stress measurements for
y* > 200. An in-depth discussion of the flow conditions at sec-
tion 1 can be found in Davis.'* Here it suffices to say that the inflow
conditions correspond to developing pipe flow—with a boundary-
layer thickness of approximately 14% of the inlet diameter and a
friction coefficient of 0.0033—and that the inlet profiles for the
mean velocity and turbulence statistics were set up in an identical
manner as in Sotiropoulos and Patel.®

On the symmetry boundaries, the governing equations are solved
in exactly the same way as for every internal computational node
using mirror-image reflection for the grid and the flow variables.
At the exit boundary (section 6) all flow variables are computed by
assuming zero streamwise diffusion.

Wall functions are used in both the k-¢ and GL closure to bridge
the gap between the logarithmic layer and the wall. For the k-¢ cal-
culations, the two-point wall function approach of Patel et al.? is
employed. This approach avoids the need for separate analysis of
the flow between the wall and the first near-wall mesh point which
is used in the standard wall functions.!> The details of the imple-
mentation of the two-point wall function in generalized curvilinear
coordinates can be found in Patel et al.’; the only difference be-
tween the present implementation and that of Patel et al. is that the
standard logarithmic law of the wall is employed herein in place of
the generalized law of the wall of Patel.!6

The GL. closure requires boundary conditions for all six Reynolds
stresses. For that reason, the two-point wall-functions approach is
extended to a three-point procedure which allows determination of
all six stresses from the algebraic version of the GL closure. A brief
description of the procedure is given next.

To facilitate the description of the three-point wall-function pro-
cedure, assume that the wall is located at ¢ = 0. When constructing
the computational mesh we ensure that the three near-wall coordi-
nate surfaces { = 1, 2, and 3 are located within the fully turbulent
region (typically in the range 70 < n* < 100). Starting now from
an appropriate initial guess, the momentum, Reynolds stress, and
& equations are advanced to the next time level up to the { = 3
surface. The magnitude of the computed velocity vector at { = 3 is
then used in conjunction with the logarithmic law of the wall to
obtain the friction velocity u.; the resulting nonlinear equation is
solved with the Newton-Raphson method. With u, known, the law
of the wall is once again employed to obtain the magnitude of the
velocity vectors at { = 1 and 2. The three Cartesian velocity com-
ponents at { = 1 and 2 can then be computed by 1) assuming that
the flow is parallel to the wall and 2) obtaining the angle between the
streamwise coordinate and the projection of the velocity vector on
the wall via extrapolation from the interior nodes (see Pate! et al.’
for details). The velocity components at { = 2 serve as boundary
conditions for the momentum equations, whereas those at { = 1
are used to discretize, at { = 2, the velocity gradient terms in the
production and pressure-strain tensors that appear in the modeled
Reynolds stress equations. The Reynolds stresses at { = 2, neces-
sary for computing the Reynolds stress gradients in the momentum
equations and for providing boundary conditions for the Reynolds
stress transport equations at { = 3, are obtained in accordance with
a local equilibrium assumption by setting all transport terms in the
GL closure equal to zero and solving the resulting system of al-
gebraic equations. The energy dissipation at { = 2 is obtained by
setting it equal to the production of turbulence kinetic energy.

Results and Discussion

In this section, the solutions obtained with the k-¢ and GL clo-
sures are compared with each other, the measurements of Davis
and Gessner,’ and the LSH calculations of Sotiropoulos and Patel.5
Comparisons include wall-pressure coefficient and skin-friction dis-
tributions, near-wall velocity and Reynolds-stress profiles, mean
longitudinal velocity and vorticity contours, and turbulence kinetic



SOTIROPOULOS AND PATEL: TURBULENCE ANISOTROPY AND NEAR-WALL MODELING 507

Lo le iy

Station 5

ok b LA B

P S S R S |

0.00 0.20 0.40 0.60 0.80 1.00
S/8

ref

Fig.2 Peripheral pressure coefficient distributions, C, = 2(P—Pp)/(p
U,f): symbeols experiment of Davis and Gessner, continuous line LSH,
long dash GL, and short dash k-e.

energy contours. Also, the LSH solution is used to evaluate the
various terms in the transport equation for the mean longitudinal-
vorticity equation (1). The relative magnitudes of the various terms
are analyzed and their implications are discussed.

Since the main objective of the present study is to examine the
role of turbulence anisotropy and near-wall modeling in predicting
the origin and growth of longitudinal vorticity, the various compar-
isons are restricted to the three sections within the transition region,
namely, stations 3, 4, and 5 shown in Fig. 1.

In the presentation of the results, all quantities are made dimen-
sionless using the bulk velocity U, and duct inlet radius R as the
normalizing scales, along with the fluid properties, as appropriate.
In the presentation and discussion of the flow in the near-wall region,
however, the usual wall coordinates based on the local value of the
friction velocity u, are used. The mean-velocity components in the
(x, v, z) coordinates shown in Fig. 1 are denoted by (U, V, W) and
the corresponding turbulent fluctuations by (u, v, w).

Pressure Distributions

The circumferential distributions of measured and computed wall
static pressure coefficient at stations 3, 4, and 5 are shown in Fig. 2.
Here, S is the distance around the perimeter measured from the cen-
ter of the longer (bottom or horizontal) wall, and S.¢ is one quarter of
the local total cross-sectional perimeter. It seen that all three closures
predict the wall-pressure distribution reasonably well, with the LSH®
predictions being in somewhat better agreement with the measure-
ments. In particular at station 3, and between 0.55 < §/Sr < 0.8,
the LSH® closure yields, in agreement with the measurements, a
steeper, as compared to the GL and k-¢ predictions, negative pres-
sure gradient (3P/0S < 0); note that it is this negative pressure
gradient that drives the secondary motion along the duct wall from
the vertical to the horizontal plane of symmetry and eventually leads
to the formation of a pair of longitudinal vortices. Overall, however,
the three predictions are quite similar, so that it appears unlikely
that the subsequently discussed discrepancies in the prediction of
the mean flow are due to insufficient resolution of the pressure field.

Wall Shear-Stress Distributions

The computed circumferential distributions of the wall shear-
stress coefficient C at station 5 are compared with measurements
in Fig. 3. All three closures yield very similar friction distributions
along the horizontal wall, but significant discrepancies are observed
along the vertical wall (S/S. > 0.65) where a longitudinal vortex
pair forms and is responsible for the local maximum in the measured
friction. The k-£ and GL closures reproduce almost all of the mea-
sured trends with remarkable accuracy, the only exception being
the overprediction of the wall shear stress at the horizontal plane of
symmetry (S/ St = 1.0). The LSH closure® appears to grossly over-
predict the friction distribution in the region 0.7 < §/Ser < 0.95,
which is along the vertical wall of the duct. This spectacular dis-
crepancy is rather surprising and requires further analysis.

First, it is important to point out that Davis and Gessner’ deduced
C; from Preston tubes, a technique that relies on the near-wall
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Fig.3 Peripheral skin friction distribution at station 5: symbols exper-
iment of Davis and Gessner, continuous line LSH, long dash GL, and
short dash k-e.

velocity distribution to obey the standard law of the wall, 4™ =
F(n*), which is logarithmic, u™ = k7! la.(n*) + B, withk = 0.42
and B = 5.45, beyond the sublayer and the buffer layer. The wall
functions used in the GL and k-¢ closures rely on the same assump-
tion and, particularly, on the logarithmic law. Therefore, the close
agreement between the measured and calculated C should be re-
garded as agreement with respect to the velocity profile shape in
the wall region but not a confirmation of the existence of the law of
the wall. In particular, such a comparison does not validate or refute
the existence of the law of the wall in this three-dimensional flow,
because that would require an independent method of measuring C.

In the LSH calculations, Cy is determined directly from the slope
of the velocity profile at the wall, and it appears that the disagree-
ment between the LSH results and others shown in Fig. 3 is related
to the breakdown of the usual logarithmic law and, therefore, the
wall-functions approach in the region 0.7 < S/S,.s < 0.95. To in-
vestigate this possibility, the results of the LSH calculations were
reanalyzed in two different ways. First, C s was re-evaluated by fit-
ting the logarithmic law to the calculated velocity profile. Figure 4
shows the results, on an expanded scale. It is clear that the resulting
values, labeled LSHI, are in close agreement with the measured
values, as were the other calculations using wall functions, shown
in Fig. 3.

The second reanalysis of the LSH calculations involves making a
correction for the favorable pressure gradient that is present in this
region of the transition duct. This is done by fitting the calculated
velocity profiles to the extended law of the wall due to Patel'®

L], | A aramni -

P B R N
1
+2[+ A" —1]} + B+3.74, ()
where ut = g/u.,q is the magnitude of the velocity vector,

A, = (u3/Re)Vp is the dimensionless pressure gradient param-
eter, and A, is the dimensionless shear-stress gradient parameter
which is set equal to A ,. Equation (2) is plotted in Fig. 5 for var-
ious values of A,; note that A, = 0 corresponds to the standard
law of the wall whereas A, < 0 corresponds to favorable pres-
sure gradients. The resulting values of C; are also shown in Fig. 4,
labeled LSH2. It is seen that a correction for only the effect of
pressure gradients is sufficient to bring the recalculated C; closer
to that predicted directly from the profile slope at the wall, labeled
LSH. Perfect agreement between LSH2 and L.SH would not be ex-
pected because Eq. (2) is no more than a model, and it does not ac-
count for the effects of three dimensionality which are undoubtedly
present.

It is important to stress that neither LSH1 nor LSH2 involves a
separate solution. They are the results of using the standard and an
extended law of the wall to deduce C;. The results presented in
Fig. 4 lead to the conclusion that the LSH prediction is not in error.
Rather, it is the use of the standard law of the wall, in Preston tubes
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Fig. 4 Skin friction distribution along the vertical wall at station 5:
symbols experiment of Davis and Gessner, continuous line LSH, dash-
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Fig. 5 Influence of pressure gradient on the law of the wall; plot of
Eq. (2) for zero and favorable pressure gradient.

as well in the wall functions, that leads to the agreements shown in
Fig. 3.

Mean Velocity, Longitudinal Vorticity and Turbulence Kinetic Energy
Distributions

Figure 6 shows the measured and calculated contours of the
streamwise component of mean velocity at station 5. The measure-
ments exhibit a region of low velocity located near the junction
between the horizontal plane of symmetry and the vertical wall. This
is associated with a longitudinal vortex pair (see Fig. 7) that forms
as a result of the secondary motion. These vortices, with the com-
mon flow between them directed away from the side wall, transport
low velocity fluid from the wall boundary layers toward the center
of the cross section. The k-¢ prediction fails to predict the distorted
shapes of the measured isovels in the vicinity of the vortex pair; in
fact, the calculated velocity contours do not exhibit any distortion at
all. The GL closure, on the other hand, produces only a mild distor-
tion of the velocity contours, whereas the LSH closure® reproduces
the measurements of Davis and Gessner with remarkable accuracy.
These differences in the prediction of the streamwise velocity distri-
bution should correlate with the ability of each closure to resolve the
origin and growth of the secondary motion. One can speculate, for
instance, that the k-& closure predicts a secondary motion so weak
that no longitudinal vortex forms, whereas the GL closure yields
a longitudinal vortex which is too weak to fully interact with the
streamwise flow.

The secondary motion is best visualized through contours of the
mean longitudinal vorticity (2, R/U,) constructed by differentia-
tion of the transverse mean-velocity components (V and W). The
experimental and computed contours at station 5 are shown in Fig. 7.
In this figure, the sign of the experimental vorticity contours, which
changes across planes of symmetry, has been reversed to facilitate
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Fig. 6 Measured (Davis and Gessner) and computed contours of mean
streamwise velocity (U /Uj) at station 5.

comparisons with the calculations. As anticipated from the predic-
tions of the streamwise velocity, the secondary motion calculated
by the k- closure does not lead to a distinct longitudinal vortex
whereas the GL closure predicts a well-defined, although much
weaker than measured, vortex. More specifically, the GL closure
predicts a core vorticity value of about 1.1 which is about 50%
smaller than that measured by Davis and Gessner.” Furthermore,
the location of the calculated vortex does not correspond to that
indicated by the measurements, the calculated vortex being closer
to the vertical wall and farther away from the horizontal symmetry
plane. Despite the failure of both closures (k-& and GL) to reproduce
the measured vorticity field, the fact that the GL closure produces a
distinct longitudinal vortex indicates that the Reynolds stress terms
in the vorticity transport equation [Eq. (1)] have become signifi-
cant at the end of the transition region. This conclusion contradicts
the preliminary findings, pending further grid refinement studies,
of Demuren'! who calculated the same flow using the standard k-¢
model and a Reynolds stress transport model, both in conjunction
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Fig.7 Measured (Davis and Gessner) and computed contours of mean
longitudinal velocity (Q2,R/Uj) at station 5.

with wall functions, and reported very little difference between the
two turbulence models; both closures failed to predict a longitudi-
nal vortex. That led Demuren'! to conclude that turbulence-induced
secondary motion had not become significant at the end of the transi-
tion region. However, the present results along with the subsequent
discussion of the budget for the mean longitudinal vorticity suggest
otherwise. Furthermore, from comparison of the k- and GL predic-
tions with the very successful LSH predictions, also shown in Fig. 7,
it becomes clear that the wall-functions approach, whether it is used
in isotropic or nonisotropic closures, is inadequate to resolve com-
plex three-dimensional flows. It is important to emphasize, that all
calculations in the present study have been carried out with the same
numerical method, on grids of similar size, and have undergone grid
dependency studies, so that any numerical uncertainties have been
carefully minimized.

Figure 8 deplcts the measured and computed mean velocity pro-
files plotted in wall coordinates along the horizontal (z=0) and
vertical (y = 0) planes of symmetry at section 5. These plots clearly
demonstrate the successful implementation of the two- and three-
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Fig. 8 Mean velocity profiles in wall coordinates in the symmetry
planes at station 5: symbols experiment of Davis and Gessner, continu-
ous line LSH, long dash GL, and short dash k-¢.

point wall function approaches employed with the k-¢ and GL clo-
sures, respectively. Along the horizontal plane of symmetry (Fig. 8a)
the data exhibit a small logarithmic region up to n* = 80; beyond
this, and up to about n*t > 1000, they lie below the logarithmic line
due to the favorable longitudinal pressure gradient that is present.
Farther from the wall, for n* < 1000, the region of very large
velocity gradients is associated with the longitudinal vortex struc-
ture. Only the LSH closure correctly predicts all of the experimental
trends. The k-¢ and GL closures respond correctly to the pressure
gradient but yield a milder than measured velocity gradient in the
outer layer, a trend which is consistent with the underestimation
of the secondary motion. Along the vertical plane of symmetry
(Fig. 8b), all three closures yield very similar velocity profiles, with
the LSH prediction lying somewhat below the measurements, a trend
consistent with the slightly higher predicted C at § = 0 (see Fig. 3).

Figure 9 shows the measured and computed contours of turbu-
lence kinetic energy at station 5. Both the GL and LSH closures
capture the pocket of high turbulence kinetic energy exhibited by
the measurements in the vicinity of the horizontal plane of symme-
try. In the GL prediction, however, this pocket is located closer than
indicated by the measurements to the horizontal wall and does not
exhibit the distortion of the measured k contours. The k-¢ closure,
on the other hand, does not produce a distinct pocket of increased
turbulence intensity, and it yields excessive values of k everywhere
along the horizontal and vertical walls.

In Figs. 10 and 11 the measured and computed, by the GL and
LSH closures, profiles of the three normal Reynolds stresses and
the primary shear stress are plotted in wall coordinates along the
horizontal (Fig. 10) and vertical (Fig. 11) planes of symmetry at
station 5. In these figures, W2*, N*, (W), @v)*, and (@)™,
denote uz/u v2/u, w?/u?, —uv/u?, and —@w/u?, respectively.
With the only exception the overprediction of the axial normal stress
by GL closure, both closures yield similar results along the vertical
plane of symmetry (Fig. 11) where the flow exhibits boundary-layer
characteristics. As expected from the previously presented turbu-
lence kinetic energy contours (Fig. 9), however, there are signifi-
cant differences between the two predictions along the horizontal
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Fig. 9 Measured (Davis and Gessner) and computed contours of tur-
bulence kinetic energy (k/ UZ x 10%) at station 5.

plane of symmetry (Fig. 10). The LSH closure, for instance, cap-
tures both qualitatively and quantitatively almost all experimental
trends. The GL closure, on the other hand, underpredicts the levels
of all Reynolds stresses in the vicinity of n* = 1000, which corre-
sponds to the pocket of increased turbulence intensity observed in
Fig. 9, and does not capture the two peaks observed in the measured
distribution of (w?)*. A particularly important feature, regarding
the performance of the two closures in the logarithmic region, is
the failure of the GL closure to predict correctly both the levels and
the gradients of the Reynolds stresses near nt = 70, where the
wall-functions boundary conditions are applied. This failure further
demonstrates the inadequacy of the wall-functions approach, and
the local equilibrium assumptions associated with it, for simulating
complex, nonequilibrium, shear flows.

Longitudinal Vorticity Budget
In this section the LSH solution® is employed to calculate
the various terms in the transport equation for mean longitudinal
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Fig. 10 Reynolds stress profiles in wall coordinates along z = 0 at
station 5: symbels experiment of Davis and Gessner, continuous line
LSH, and long dash GL.

vorticity. These terms are evaluated numerically by finite differenc-
ing the computed mean-velocity and Reynolds stress fields. For that
reason, Eq. (1) is first transformed to generalized curvilinear coor-
dinates, and the various terms in it are computed at various sections
within the transition region using three-point central (second-order
accurate) finite-difference formulas. For the following discussion,
these terms are nondimensionalized in the manner stated earlier
(i.e., the values quoted are those of A,R?/ U2, etc.). Furthermore,
the A, term in Eq. (1) is divided into two parts, one containing
all spatial derivatives of the shear stresses and the other containing
the remaining transverse normal-stress anisotropy term. Each one
of these terms is plotted separately, in all subsequently presented
figures, to investigate its relative importance in producing and dif-
fusing longitudinal vorticity. Care should be exercised, however,
when interpreting the physical significance of these terms as they
are expressed in Cartesian coordinates. Therefore, only beyond sta-
tion 5, where the cross-sectional shape is almost rectangular, the
shear-stress and normal-stress anisotropy terms assume fully the
physical meaning implied by their corresponding names.

Contour plots of the calculated values of the various terms in
Eq. (1) are shown in Figs. 12-14 for sections 3-5 along the duct.
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Fig.12 Computed contours of terms in the mean longitudinal vorticity
equation at station 3: a) convective terms, b) stretching, ¢) skewing,
d) shear-stress terms, and €) normal-stress anisotropy terms.

The viscous terms are not included as they were found to be small
outside the sublayer and the buffer layer. Also, the convection term
is moved to the right-hand side of Eq. (1), and the sign of A, is
reversed accordingly. Since the sign of the longitudinal vorticity
changes across planes of symmetry, all subsequent discussion is
restricted to the lower-right quadrant, the one shown in Figs. 12—
14. Positive (continuous lines) and negative (dashed lines) contours
in these plots correspond to gain and loss of positive longitudi-
nal vorticity, respectively. To facilitate understanding of the various
mechanisms that contribute to the budget of longitudinal vortic-
ity, it is useful to first summarize the major geometric features of
the transition duct. As shown in Fig. 1, station 3 is located very
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Fig.13 Computed contours of terms in the mean longitudinal vorticity
equation at station 4: a) convective terms, b) stretching, ¢) skewing,
d) shear-stress terms, and e) normal-stress anisotropy terms.

€)

Fig. 14 Computed contours of terms in the mean longitudinal vorticity
equation at station 5: a) convective terms, b) stretching, c) skewing,
d) shear-stress terms, and e) normal-stress anisotropy terms.

near the midpoint of transition where the area expansion is almost
completed. The area at this station is 14.7% larger than that at sta-
tion 2, whereas the overall area increase is 15%. Station 3, on the
other hand, is located in the second-half of transition where the area
contraction takes place (the cross-sectional area is 10.87% larger
than that at station 2). Stations 5 and 6 are located at the end of
the transition and the end of the straight recovery region, respec-
tively. The cross-sectional area at both stations is equal to the inlet
area.

From the results at section 3 shown in Fig. 12 it is clear that all
terms in the longitudinal vorticity equation are comparable in mag-
nitude in this cross section as a whole, but each is predominant in
some part of the section. The negative circumferential pressure gra-
dient in this section (see Fig. 2) induces a secondary motion from the
bottom to the side wall. This results in a region of intense production
of longitudinal vorticity by lateral skewing near the corner region
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(Fig. 12¢). In the vicinity of the side wall, the sign of the skewing
term (As) is reversed, and it acts to produce negative longitudinal
vorticity. This region of negative skewing is balanced, however, by
a region of intense axial stretching (A, term), as seen in Fig. 12b,
which tends to increase the positive longitudinal vorticity. Both the
sign reversal of the skewing term and the triggering of the vortex
stretching mechanism are due to the upstream influence of the area
contraction that takes place downstream of section 3. The contrac-
tion in area induces a sign reversal of the transverse pressure gradient
and streamwise acceleration of the mean flow. The Reynolds stress
terms (A,) also play an important role in balancing Eq. (1) at sec-
tion 3. As seen from Figs. 12d and 12e, both the shear-stress and
anisotropy terms work to decrease positive longitudinal vorticity ev-
erywhere along the wall. In fact, near the wall these terms are of the
same order of magnitude as the stretching and skewing terms. The
contours of the convective terms (—A;), shown in Fig. 12a, indicate
that there are two regions of net loss of longitudinal vorticity which
are balanced by positive convection, namely, at the junction between
the horizontal plane of symmetry and the side wall, where longi-
tudinal vorticity is lost due to negative lateral skewing and stress-
induced diffusion, and along the bottom wall, where stress-induced
diffusion is the dominant mechanism. Finally, there is a large region
of net gain of longitudinal vorticity which is balanced by negative
convection. This region originates at the corner region due to the
combined effects of stretching, skewing, and Reynolds stress terms.

At section 4 (Fig. 13), the sign of the circumferential pressure
gradient is reversed (see Fig. 2), thus tending to cancel the positive
longitudinal vorticity generated in the first-half of the transition duct.
As a result, the lateral skewing terms are now negative throughout
the cross section (with the exception of a thin region of positive
skewing terms near the side wall), as seen in Fig. 13c, therefore,
acting as a sink of positive longitudinal vorticity. At section 4, how-
ever, the flow experiences a global streamwise acceleration due to
the area contraction.'* As a result, the vortex stretching term (A,)
becomes the dominant mechanism, tending to counteract the effect
of skewing by intensifying the positive longitudinal vorticity (see
Fig. 13b). The Reynolds stress terms (Figs. 13d and 13e) continue to
diffuse positive vorticity in the vicinity of the wall, with their mag-
nitude increasing as the wall is approached. In fact, along the bottom
wall, stress-induced diffusion is the dominant mechanism balanced
only by positive convection. Moreover, a region of stress-induced
production of vorticity has appeared near the side wall. The convec-
tive terms are negative near the side wall in order to balance the net
increase of longitudinal vorticity by vortex stretching, whereas they
are positive along the bottom wall to account for the stress-induced
diffusion of vorticity. A small region of positive convection, which
balances losses by negative skewing and stress-induced diffusion,
is also observed near the junction between the side wall and the
symmetry plane.

The longitudinal-vorticity budget at section 5, located at the end
of the transition region, is shown in Fig. 14. In the vicinity of the
side wall, the dominant terms in the longitudinal-vorticity equa-
tion are the stretching and Reynolds stress terms. More specifically,
the vortex-stretching mechanism continues to intensify the positive
vorticity but its magnitude is substantially reduced, since the area
contraction is completed at the end of the transition region.* The
shear-stress terms (Fig. 14d), on the other hand, act to reduce positive
vorticity along the vertical endwall, with this trend reversing along
the bottom wall. Perhaps the most remarkable feature at station 5,
insofar as the role of the Reynolds stress terms i concerned, is the
appearance of a region in the vicinity of the vortex core of fairly
intense anisotropy-induced diffusion of vorticity (Fig. 14e). In fact,
the anisotropy term in this region is of the same order as the vortex
stretching term, a trend which underscores the significant role of
turbulence anisotropy in the evolution of the longitudinal-vorticity
field. The anisotropy term is also very important all along the vertical
wall where, in contrast to the shear-stress terms, it acts to produce
positive vorticity. Although there is no wall curvature at section 5,
the lateral skewing terms (Fig. 14c) are still important near the bot-
tom wall, acting as sink of positive vorticity; as already discussed
(see Fig. 2), a significant positive circumferential pressure gradi-
ent still exists at the end of the transition region, and the secondary

motion associated with it tends to cancel positive longitudinal vortic-
ity. The positive sign of the convective terms along the bottom wall
and close to the side wall indicates a net influx of positive vorticity
to balance the losses due to stress-induced diffusion and negative
lateral skewing. At the junction between the side wall and the plane
of symmetry, however, negative convection marks the region of net
increase of longitudinal vorticity due to vortex stretching.

It is evident from the results just described that both the Reynolds
shear stress and anisotropy terms play an important role in the gener-
ation and destruction of longitudinal vorticity even within the tran-
sition region. Although longitudinal vorticity is initially generated
by lateral skewing of the vorticity vector and subsequently intensi-
fied by vortex stretching in the axial direction, the Reynolds stress
gradient terms in Eq. (1) make significant contributions by acting
to decrease and, to a lesser extent generate, longitudinal vorticity
throughout the transition region.

Summary and Conclusions

The standard k-e model and the full Reynolds stress transport
closure of Gibson and Launder, both with wall functions, were
employed to calculate the flow through the circular-to-rectangular
transition duct of Davis and Gessner. The computed solutions were
compared with experimental data and with previously reported cal-
culations which employed the near-wall Reynolds stress transport
closure of Launder and Shima to investigate the importance of near-
wall modeling and turbulence anisotropy in the prediction of the
origin and growth of longitudinal vortices. The Launder and Shima
solution was also employed to evaluate the terms in the transport
equation for mean longitudinal vorticity in order to elucidate the
importance of the various mechanisms responsible for the gener-
ation and evolution of secondary motion. This study leads to the
following conclusions concerning computational modeling of three-
dimensional flows.

1) The wall-functions approach, when used in either isotropic
or second-moment closures, failed to capture the strength of the
secondary motion and longitudinal vorticity in this three-
dimensional flow in spite of the fact that two-point and three-point
procedures were adopted to ensure compatibility and consistency
with the parent turbulence models. This suggests that explicit model-
ing of the near-wall flow is needed to properly predict the secondary
motion and longitudinal vorticity.

2) The results presented here suggest that friction coefficients de-
duced from the standard logarithmic law of the wall, whether by
experiment or by calculations, may not be particularly meaningful
due to the effects of pressure gradients, curvature, and three dimen-
sionality in the near-wall flow on the law of the wall.

3) Evaluation of the various terms in the mean longitudinal-
vorticity transport equation, in the transition duct, clearly demon-
strated that vortex stretching, vortex skewing, and generation and
destruction of vorticity by Reynolds stresses are all dominant in
one region or the other. Thus, unlike conclusions reached in some
recent studies, the present results clearly demonstrate that accurate
description of most three-dimensional turbulent flows, regardless of
their origin, would require near-wall turbulence closures that take
into account the anisotropy of the Reynolds stresses.
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